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We focus on output feedback control of distributed processes whose infinite dimensional representation in appropriate
Hilbert subspaces can be decomposed to finite dimensional slow and infinite dimensional fast subsystems. The controller
synthesis issue is addressed using a refined adaptive proper orthogonal decomposition (APOD) approach to recursively
construct accurate low dimensional reduced order models (ROMs) based on which we subsequently construct and cou-
ple almost globally valid dynamic observers with robust controllers. The novelty lies in modifying the data ensemble
revision approach within APOD to enlarge the ROM region of attraction. The proposed control approach is successfully
used to regulate the Kuramoto-Sivashinsky equation at a desired steady state profile in the absence and presence of
uncertainty when the unforced process exhibits nonlinear behavior with fast transients. The original and the modified
APOD approaches are compared in different conditions and the advantages of the modified approach are presented. VC
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Introduction

In recent years, the interest in control of nonlinear distrib-
uted parameter systems (DPSs) has significantly increased
due to the need to synthesize controllers for complex
transport-reaction processes that are characterized by the
coupling of chemical reaction with significant convection,
diffusion, and dispersion phenomena. Such processes as
exemplified by catalytic reactions, polymerization processes,
plasma etching, and semiconductor manufacturing, exhibit
spatial variations that need to be explicitly accounted by the
controller.1–5

An important observation is that the long term behavior of
the above chemical processes can be captured by a finite
number of degrees of freedom, thus, the infinite dimensional
partial differential equation (PDE) description can be approxi-
mated by reduced order models (ROMs) in the form of ordi-
nary differential equations (ODEs).6 A widely used method to
compute the ROM, is the method of weighted residuals. The
prerequisite basis functions can be obtained either analytically
or using statistical methods such as proper orthogonal decom-
position (POD).7 POD generates optimal orthogonal empirical
eigenfunctions that capture the energy of a data set to
describe the data trends.8 It has been used extensively in
model reduction, sensor placement, optimization, and control
of distributed processes.3,9–13 Another approach to obtain
basis functions is based on balanced realizations, which has
been studied extensively to obtain stability and error analysis
results, especially for linear systems.14–16

The POD approach assumes a priori availability of a suffi-
ciently large ensemble of PDE solution data which excites
the most prevalent spatial modes. Such an ensemble is nec-
essary to characterize the behavior of the system dynamics
and compute empirical eigenfunctions in this method. How-
ever, in practice, it is difficult to generate such an ensemble
so that all possible dominant spatial modes are appreciably
contained within the corresponding snapshots. The resulting
eigenfunctions, therefore, are representative of the corre-
sponding ensemble only. During closed-loop simulation, sit-
uations may arise when the existing eigenfunctions fail to
accurately represent the dynamics of the PDE system.

A solution is to initially compute the eigenfunctions using
the available ensemble of snapshots, and then to recompute
the eigenfunctions as needed when more information
from the system becomes available.17 However, this would
require the solution of the eigenvalue-eigenvector problem
every time, which may become computationally expensive,
and hence, unsuitable for online computations as the process
evolves. To reduce the computational load and to circumvent
the limitation of sufficiently large ensemble of profile data,
the recursive computation of eigenfunctions, known as adapt-
ive POD (APOD), could be used as additional data from the
process becomes available to design tailored feedback con-
trol structures.17–19 The requirements on continuous measure-
ment sensors were then reduced using APOD-based dynamic
observers.20 The performance of the controller structure
hinges on the frequency of the sampling which must be of
the same order as the frequency of the appearance of new
trends.

In this manuscript, output feedback controllers are
designed for fast evolving DPSs based on continuous point
measurements available from limited number of sensors and
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infrequent distributed snapshots. The developed methodology
for robust output feedback control is based on the successful
integration of dynamic observers with static controllers. A
refined ensembling approach is used in APOD to recursively
update the eigenfunctions as the closed-loop process evolves
through different regions of the state space based on maxi-
mizing retained information that is received from the infre-
quent distributed sensor measurements. The proposed
controller is illustrated on the Kuramoto-Sivashinsky equa-
tion (KSE) with and without uncertainty in the presence of
highly nonlinear dynamics and chaotic behavior, where they
are called to stabilize the system at an open-loop unstable
system steady state. The original and the modified ensemble
construction approaches for APOD are compared in different
conditions and the robustness of modified APOD with
respect to uncertainty, number of snapshots and number of
continuous point sensors and their locations is illustrated.

Mathematical Preliminaries

We focus on the output feedback regulation problem of
spatially distributed processes described by the following
state space description of highly dissipative PDEs

@x

@t
5A zð Þx1F z; x;

@x

@z
; :::;

@n0 x

@zn0

� �
1b zð Þu

ym5

ð
X

sm zð Þxdz

yr5sr z; tð Þx

(1)

subject to the following boundary conditions

q x;
dx

dg
; :::;

dn021x

dgn021

� �
50 on @X (2)

and initial condition
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In the above PDE system, t is the time, z 2 X � R3 is the
spatial coordinate, X is the domain of the process and @X is
its boundary. x z; tð Þ 2 Rn denotes the vector of state variables.
u 2 Rl denotes the vector of manipulated inputs. A zð Þ is a lin-
ear spatial differential operator of order n0 (where n0 is an
even number). F is a bounded purely nonlinear and possibly
differential function of order up to n0. b zð Þ 2 Rn3l is a
smooth matrix function of z of the form b1 zð Þb2 zð Þ:::bl zð Þ½ �,
where bi zð Þ describes how the ith control action ui tð Þ is dis-
tributed in the spatial domain X, for example, point actuation
could be defined using Dirac delta. In (2), q �ð Þ is a sufficiently
smooth nonlinear vector function, dx

dg j@X denotes the derivative
in the direction perpendicular to the boundary and x0 zð Þ is a
smooth vector function of z. The availability of two types of
measurement sensors is assumed: periodic snapshot measure-
ments, yr zð Þ 2 Rn, to measure spatial profiles and continuous
measurements, ym 2 Rr, where r is the number of continuous
sensors. sr z; tð Þ and sm zð Þ are the sensor shape functions cor-
responding to yr and ym, respectively. In the remainder of the
article, we present our results for x 2 R. It is conceptually
straightforward to extend the results to x 2 Rn, usually by
treating each state individually.21

The control objective is to stabilize the process of (1)–(3)
at a desired spatial profile, xd zð Þ. Without loss of generality,
we assume the spatially uniform steady state xd zð Þ50 as the
desired profile. We also assume that long term and dominant

dynamic behavior of the system of (1)–(3) can be captured
by a finite number of degrees of freedom. This implies that,
in principle, the long term dynamics of state x of the men-
tioned system can be accurately described by a finite number
of appropriately chosen basis functions.

The PDE system of (1) can be represented as an infinite
dimensional system in an approximately chosen Hilbert
space, H X;Rð Þ, where space derivatives are defined. The
inner product and norm in the space of square integrable
functions, L2 X½ �, is defined as
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1 zð Þ#2 zð Þdz and jj#1jj25 #1; #1ð Þ1=2

where #T denotes the transpose. The state a 2 H X;Rð Þ is
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and the linear differential operator and purely nonlinear
function, respectively
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and the input and measured output operators as

Bu5b zð Þu; Sma5

ð
X

sm zð Þxdz; Sra5sr z; tð Þx. The PDE system

of (1) can then be expressed in the following form

_a5Aa1F að Þ1Bu; a 0ð Þ5a0

ym5Sma;

yr5Sra:

(7)

F is a nonlinear smooth vector function that satisfies
F 0ð Þ50 and the Lipschitz condition locally

jjF a1ð Þ2F a2ð Þjj2 � Kljja12a2jj2 (8)

where Kl indicates the upper bound gain in the Lipschitz
inequality.

The eigenvalue problem for the operator A can be defined
as follows

A/i5ki/i; i51;…;1 (9)

where ki 2 R and /i 2 H denote the eigenvalues and the
corresponding eigenfunctions, respectively. Note that the
eigenspectrum of A, k1; k2;…f g, indicates a subspace parti-
tioning of H as it can be partitioned into a finite dimensional
set of s slow eigenvalues, k1; k2;…; ksf g, and a stable infi-
nite dimensional complement set of the remaining fast eigen-
values ks11; ks12;…f g, where the eigenvalues are ordered in
terms of value as follows

k1 > k2 > … > ks � ks11 > …

There is a large separation between the slow and fast
eigenvalues of A.6

Finite dimensional approximation

Considering the infinite dimensional representation of the
system in an appropriate functional space, the state modes
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can be partitioned into a finite number of slow and possibly
unstable modes and an infinite number of stable and fast
modes and there is a time scale separation between the
dynamic behavior of the two subsystems. Such an approach
will lead to accurate finite dimensional ODE models for
processes that exhibit strong diffusive phenomena (and can
thus be described by highly dissipative PDE systems); this is
due to the fact that their dominant dynamic behavior can be
captured by a finite number of dominant spatial profiles.

The Hilbert space, H, can be partitioned into two subspa-
ces, one that includes finite number of slow and possibly
unstable modes, Hs, and a complement subspace that
includes infinite number of fast and stable modes, Hf . By
defining the following orthogonal projection operators, the
state of system (7) can be described as

a5as1af 5PHa1QHa (10)

where as5PHa 2 Hs, af 5QHa 2 Hf , PH : H! Hs,
QH : H! Hf , and H5Hs�Hs. Using (10), the system (7)
can be expressed in the following form

_as5As as; af

� �
1Fs as; af

� �
1Bsu

_af 5Af as; af

� �
1Ff as; af

� �
1Bf u

as 0ð Þ5PHa0

af 0ð Þ5QHa0

ym5Smas1Smaf

yr5Sras1Sraf

(11)

where As5PHA as1af

� �
; Af 5QHA as1af

� �
; Fs5PHF;

Ff 5QHF; Bs5PHB; Bf 5QHB
The infinite dimensional fast and stable subsystem can be

neglected using singular perturbation arguments (section 4.5
in Ref. 6). Thus the long term dynamic behavior of the fast
system subspace can be described by af � 0 and the follow-
ing approximation is obtained from the system of (11)

_as5As as; 0ð Þ1Fs as; 0ð Þ1Bsu

ym5Smas

yr5Sras

(12)

Considering H5span /1;/2;…f g, we can derive a vector
form of the system of (7). H can be partitioned into two sub-
spaces, one that includes first s eigenfunctions,
Hs5span /1;/2;…;/sf g, and a complement subspace that
includes the rest of eigenfunctions, Hf 5span /s11;f
/s12;…g.

It should be noted that a vector representation of the sys-
tem of (7) can be obtained by applying weighted residual
methods to (1) and keeping the first s ODEs and neglecting
the fast and stable subsystem.6 The type of weighted residual
method could be determined by the weighting functions in
the above equation. The method of weighted residuals
reduces to Galerkin’s method when the weighting functions
and the basis functions are the same. Obtained from the
basis functions, the ROM can be summarized as

_a5Aa1F að Þ1Bu

ym5Ca
(13)

where A, B, and C are constant matrices and F is a nonlin-
ear smooth vector function of the modes. Equation 13 is a

vector representation of the system of (12), that is, as in (12)
is a vector function in slow and stable Hilbert subspace, Hs,
but a in (13) is a vector in real space, Rs.

We assume that F satisfies the Lipschitz condition as
follows

jjF a1ð Þ2F a2ð Þjj2 � Kljja12a2jj2
where Kl indicates the upper bound gain in the Lipschitz
inequality.

Problem Formulation

The issue with the analysis of the previous section is that
the basis functions, /, can rarely be derived analytically. To
circumvent this issue, we use statistical methods to obtain
them when they are unavailable.

Initially, snapshots of the state profile of the system during
process evolution are collected to construct an ensemble of
snapshots similar to the other data-driven model reduction
and control methodologies. In previous methods, a large
ensemble ensemble of solutions must be constructed by gath-
ering state profile snapshots for different values of input
variable, u(t), and different initial conditions22,23 while the
recursive update of empirical eigenfunctions in APOD dis-
poses of this requirement.

Empirical eigenfunctions computation

The off-line solution data of the process are used to con-
struct the basis functions that are necessary to derive the
ROMs of (13). Let the collection of K snapshots be called
the ensemble represented in a vector function form,
v zð Þ5 x z; t1ð Þ;…; x z; tKð Þ½ �T . Each snapshot is the spatial pro-
files of the system states at a particular time instant obtained
either experimentally by initially gathering open-loop pro-
cess evolution data before activating the controller or from
previously obtained process history data, or by performing
off-line numerical simulations of the PDE system. The off-
line part of APOD is used to compute an orthogonal set of
basis functions for the representation of the ensemble which
are called empirical eigenfunctions of the process. It also
provides a measure of the relative contribution of each func-
tion to the total energy of the ensemble (energy represents
the information content of the ensemble) and it is an effi-
cient way for computing basis functions that capture the
dominant patterns of the ensemble.

Let CK denote the covariance matrix of the ensemble
obtained from K snapshots that is defined as follows

CK : 5

ð
X

vvTdz (14)

The solution of the computationally expensive optimization
problem to identify the best basis functions that describe the
snapshot ensemble is circumvented through the solution of an
eigenvalue-eigenvector problem of the covariance matrix of
the snapshot ensemble, which may also be computationally
demanding depending on the ensemble size. The key features
of the algorithm and a detailed analysis have been presented
in, and they closely resemble standard POD.17

The eigenspace of the covariance matrix can be parti-
tioned into two subspaces; the dominant one containing the
eigenfunctions which capture at least e percent of energy in
the ensemble (denoted as P) and the orthogonal complement
to P containing the rest of the modes (denoted as Q). Such
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a partition is possible because the ensemble is snapshots of a
dissipative system evolution and the dominant dynamics of
highly dissipative PDEs are finite dimensional.24

Solving the eigenvalue problem for CK we obtain li and
xi that denoted the ith eigenvalue and eigenvector where the
eigenvalues are ordered in terms of value as follows

l1 > l2 > … > lK

It is assumed that m eigenvectors out of K possible eigen-
vectors of CK have the corresponding eigenvalues such that

Xm

i51

li=
XK

i51

li �
e

100

that is, m eigenfunctions of CK capture e percent of energy
in the ensemble.

An orthonormal basis for the subspace P can be obtained as:

Z5 x1;x2;…;xm½ �;Z 2 RK3m (15)

Note that the underlying assumption of all POD and bal-
anced realization methods is that eigenfunctions computed
by these eigenvectors also capture the dominant dynamics of
the PDE system of (1–3) locally.

We can compute the eigenfunctions, w, as a linear combi-
nation of the snapshots

wi zð Þ5xT
i v; i51;…;m (16)

During system evolution, the online component of APOD
allows updating the empirical eigenfunctions on-line once
new measurements from the process become available.

The orthogonal projection operators PA and QA onto sub-
spaces P and Q respectively, can be computed17,18 as
follows

PA5ZZT ;QA5I2ZZT (17)

where I denotes the identity matrix of dimension K.
The details of the methodology are presented in Refs. 17–

19.
The performance of the controller structure hinges on the

local validity of the ROM. To have a valid ROM, it is nec-
essary to update the ensemble, used for computation of the
basis functions, based on the new snapshots arrived from the
system during the process evolution. The following two
approaches are considered to generate the new ensemble of
snapshots that is used to compute the covariance matrix in
the next time step when the new snapshot arrives.

The Newest Snapshots Approach. In this approach, the
newest snapshots are considered in the ensemble of snap-
shots. In each time step during closed-loop process evolu-
tion, the oldest snapshot of the system, v1, will be replaced
by the new snapshot obtained by the periodic snapshot meas-
urements, yr. Thus, in each time step the ensemble only
includes the most recent snapshots. In this article, APOD
using this data ensembling is called the “original APOD.”

In the original APOD, the ensemble of the snapshots that
is used to update the basis functions only possesses the most
recent snapshots. The procedure could possibly lead to loss
of previously important profiles as the process evolves away
from them and they are replaced by profiles that contain new
information. If the process revisits a previously accessed

Figure 1. Flow chart of adaptive model reduction methodology.

Blue boxes denote algorithm I/Os and green decision steps. [Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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state space region, APOD has to recapture the new trends as
they reaffirm themselves leading to a lag in the ROM revi-
sion that captures the new trends.

The Most Important Snapshots Approach. The modifica-
tion analyzes the contribution of snapshots in P by normal-
ized dominant eigenvectors and search for the one which
had the minimum 2-norm per row and eliminates the corre-
sponding snapshot in the ensemble. To formulate the proce-
dure, consider the contribution column vectors of D5 dj

� 	
and standardization column vector of S5 sj

� 	
, respectively,

as follows

dj5 PAPT
A

� �
jj

(18)

where �ð Þjj indicates the diagonal element of �ð Þ and

sj5jjCK;jjj2 (19)

where jj � jj2 indicates the 2-norm of vector �ð Þ and CK;j

means the jth row of the covariance matrix and j51;…;K.
The normalized snapshot contribution column vector,

N5 nj

� 	
, is defined based on (20).

nj5
dj

sj
; j51;…;K (20)

We eliminate the snapshot that corresponds to the element in the
normalized snapshot contribution vector that has the lowest value.

The ensemble condensation by most dependent snapshot
elimination can be performed before or after addition of the
new snapshot in CK. If the elimination takes place after aug-
menting the new snapshot to the ensemble, there is a possi-
bility to eliminate the new data at each revisions. To
circumvent this problem, the least important snapshots are
eliminated before adding the new one, in order to have the
most recent snapshot and also the most important ones. This
is called the “modified APOD.”

A move to consider the most important snapshots instead
of newest ones thus leads to faster and more infrequent revi-
sion of the ROM when regions of the state space are previ-
ously revisited. Control design based on this ROM leads to
larger region of accuracy which is important when dealing
with model uncertainty and fast evolving processes. Also the
dynamic observer that is constructed based on the basis func-
tions from this modified APOD is more insensitive to the
available number of point measurements and their locations;
in most cases, we can use only one sensor without being con-
cerned about sensor placement using robust nature of modi-
fied APOD. The other advantage of the refined approach is
using smaller ensemble of snapshots during the closed-loop
process evolution that leads reduction in load of covariance
matrix computation and saving run-time. A flow chart illus-
trating the revised APOD approach is presented in Figure 1.

Consider the local subspace of the slow and unstable modes,
Hs5span /1;/2;…;/sf g and subspace P defined as
P5span w1;w2;…;wmf g, where /f g is the set of unavailable
basis functions of the system and wf g is the set of basis functions
computed based on APOD. We assumed that Hs 	 P, locally,
due to the excitation of the higher modes during the closed-loop
process evolution providing richer behavior than the slow subsys-
tem would.

Remark 1. The modified data ensembling approach
increases the computation time of APOD by 10%. However,

it leads to more robust ROMs that require revisions more
infrequently, as will be illustrated in the Application section.

Remark 2. In the proposed approach for model reduction,
the snapshots used are obtained during closed-loop system
evolution as opposed to most other POD-based reduction
approaches that are based on open-loop snapshots. Thus,
these snapshots and the resulting ROM account for the impact
of controller functional form on the process. It is important to
note this intimate relation between APOD and the controller.

Dynamic observer design

We assume that the snapshots of the process become avail-
able only periodically and the point measurements from a
restricted number of sensors are continuously available which
is quite common in industrial processes. In Refs. 17, 18, static
output observers based on the continuous point measurements
were designed to estimate the modes of (13) that are required
for controller design. The number of sensors had to be super-
numerary to the number of modes to successfully estimate the
modes of (13) using the linear static observers. This implies
that numerous measurement sensors are required, otherwise
the static observer gives erroneous estimates. Also, the static
observer existence depends on the location and shape of the
measurement sensors. To overcome these issues, we used a
dynamic observer that conceptually needs only one point
measurement to predict the dynamic behavior of the modes as
long as the process is observable at that position.25

The theory on linear dynamic observer design was devel-
oped by Luenberger in Ref. 26 and offered a complete and
comprehensive analysis. Nonlinear dynamic observer design
is much more complicated and has received considerable
attention in the last 30 years.27–29

We can define the observation error based on the Hilbert
subspace representation of the system of (1) as follows

e z; tð Þ5x̂ z; tð Þ2x z; tð Þ (21)

where x̂ and x are the observer and system states of (1)–(3),
respectively.

By neglecting the fast and stable part of the process sys-
tem dynamic behavior and using separation of variables, we
can define the observer state

x̂ z; tð Þ5wT zð Þâ tð Þ (22)

and the original state

x z; tð Þ5/T zð Þa tð Þ (23)

where w5 w1w2…wm½ �T , /5 /1/2…/s½ �T ; m is the number
of empirical eigenfunctions of the slow subsystems that are
computed using APOD and s is the number of unavailable
eigenfunctions of the slow subsystem.

The dimension of the system slow modes, a and â in Eqs.
22 and 23, respectively, is not necessarily the same because
the number of identified slow subsystem basis functions /f g
and wf g may be different; so the observation error can not
be defined directly by the simple subtraction, â2a.

From (23) we could define a mapping between two sub-
spaces, Hs and P as follows

x5/Ta5wTMa5wT ~a (24)

where ~a5Ma, M : Hs 7!P and
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M5

ð
X
w/Tdz (25)

Using the above transformation, the system eigenmode
dynamics in (13) can be expressed using the basis functions
of subspace P in the following form

_~a 5A~a1f ~að Þ1Bu

ym5C~a
(26)

while the dynamic observer based on (26) will have the fol-
lowing structure

_̂a5Aâ1f âð Þ1Bu1L Câ2ymð Þ (27)

where â is the vector of estimated modes, A and B are constant mat-
rices between ROM revisions. L is the observer gain, C is the output
matrix, and f is locally Lipschitz continuous. Also the observation
error could be defined within subspace P as follows

e5x̂2x ’ wTe (28)

where e5â2~a.
Assuming observability and controllability of the system

(26), we used pole placement approaches to compute the
observer gain, L, that stabilizes the system of (27) in the Lya-
punov sense. To implement the pole placement technique the
observer error is defined as e5â2Ma5â2~a. The observer
error dynamics can be defined using (26) and (27) as follows

_e5 A1LCð Þe1 f âð Þ2f â2eð Þ½ � (29)

If the following Lyapunov function is considered

V5
fo

2
eTe1

fc

2
~aT ~a (30)

where Vo and Vc are the observer Lyapunov function (OLF)
and the control Lyapunov function (CLF), respectively, and
fo and fc are appropriately chosen positive numbers, the time
derivative of Lyapunov function will be _V5foeT _e1fc ~aT _~a

Considering the control objective, ~a ! 0 and the CLF
Vc5

f
2

~aT ~a, we assume a controller can be designed that
forces the time derivative of the CLF, ~aT _~a to be negative.
Then we need only establish that

_V5foeT _e5fo eT A1LCð Þe1eT f âð Þ2f â2eð Þ½ �ð Þ < 0 (31)

If f satisfies the Lipschitz condition as follows

jjf âð Þ2f â2eð Þjj2 � Kljjejj2 (32)

where Kl indicates the upper bound gain in the Lipschitz
inequality, then

eT f âð Þ2f â2eð Þ½ � � jjeT jj2jjf âð Þ2f â2eð Þjj2
� jjeT jj2Kljjejj25Kljjejj225Kle

Te
(33)

Inequality (31) can be stated as follows using (33)

eT A1LCð Þe1eT KlIð Þe < 0) eT A1LC1KlIð Þe < 0

) A1LC1KlI < 0 (34)

The above inequality problem can be solved using pole
placement for A1KlI1LC5Ao1LC. The closed-loop observer
error poles are the eigenvalues of Ac5Ao1LC, which can be
arbitrarily assigned by proper selection of the observer gain
matrix, L. The observer gain matrix, L, is chosen such that

jsI2 Ao1LCð Þj5pdes sð Þ (35)

where I is the identity matrix and pdes is the characteristic
polynomial of desired poles.

An extension to this approach can be made based on lin-
ear quadratic regulation. Equation 35 can be expressed as

jsI2 Ao1LCð Þj5j sI2 Ao1LCð Þð ÞT j5jsI2 AT
o 1CTLT

� �
j (36)

where AT
o and CT are the dual system matrices in (37) and

LT is the state feedback gain matrix in state feedback control
problem of the dual system

_~e 5AT
o ~e1CT ~u

~u5LT ~e
(37)

Linear quadratic state feedback regulator theory30 is used
to solve the dual control problem and to compute the gain
matrix. In (37), the state feedback law minimizes the follow-
ing quadratic objective function

J ~uð Þ5
ð1

0

~eTQ foð Þ~e1~uTR~u12~eTN~u
� �

dt (38)

subject to the system dynamics in (37). Q foð Þ, R and N are
positive definite matrices. The optimal gain matrix LT can be
calculated for the mentioned optimization problem as follows

LT52 R21 BTS1NT
� �� �T ) L52 N1STB

� �
R2T (39)

where S is the solution of the associated Riccati equation

AoS1SAT
o 2 SCT1N
� �

R21 CS1NT
� �

1Q50 (40)

Further details of these dynamic observer designs and lin-
ear matrix inequality based designs are presented in Ref. 20.

Proposition 1. For the system of (26), the observation
error under the observer of (27) with observer feedback
gain, L, from (39) is locally stable in the Lyapunov sense.

See Appendix A for proof.

Remark 3. Note that M : Hs 7!P is an injective map
because subspace P contains Hs and a part of subspace Hf .

Figure 2. Process operation block diagram under pro-
posed controller structure.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

4600 DOI 10.1002/aic Published on behalf of the AIChE December 2013 Vol. 59, No. 12 AIChE Journal

wileyonlinelibrary.com


By construction, when ~a15~a2, 8~a1; ~a2 2 P implies a15a2,
8a1; a2 2 Hs, which is necessary for observer and controller
design purposes. Due to this construction, a reverse map,
M? : P 7!Hs, can be in principle defined such that M?M :
Hs 7!Hs is a bijective map.

Output feedback controller design

In this section, we focus on the controller structure design
using Lyapunov’s direct method to achieve the stabilization
objective the system of (26) in the origin between ROM
revisions.

Proposition 2. Assuming separation principle for the sys-
tem of (26), the following static output feedback control
law6,31 can asymptotically stabilize the system of (26).

u tð Þ52k ~a; coð Þ LBVcð Þ (41)

where

k ~a; coð Þ5 co1
LFVc1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
LFVcð Þ21 jj LBVcð Þjjð Þ4

q
jj LBVcð Þjjð Þ2

;LBVc 6¼ 0

co; LBVc50

0
BB@

1
CCA

Vc5
fc

2
~aT ~a is the CLF, LBVc5 LB1

Vc…LBl
Vc½ �T is a column

vector, LFVc5
@Vc

@~a F and LBVc5
@Vc

@~a B denote Lie derivatives.

See Appendix B for proof.

Remark 4. The positive parameter co allows a certain
degree of flexibility in shaping the dynamic behavior of the
closed-loop system. For example, a large value of co will
force _Vc to be more negative and therefore generate a faster
transient response. Note that a positive value of co is not
necessary for stabilization.

Remark 5. When implementing the controller of (41) in
closed-loop process simulations, the numerical integrations
could result in chattering-like behavior for the control input
near origin. This problem is circumvented by adding a suffi-
ciently small positive number gc to LGi

Vcð Þ2 in the denomi-
nator of (41). The addition of this parameter obviously leads
to some offset in the closed-loop response. However, this off-
set can be made arbitrarily small by choosing a sufficiently
small value for gc. A tradeoff thus exists between the
smoothness of the control action (corresponds to large gc)
and the smaller offset in the closed-loop response (corre-
sponds to using small value for gc).

Figure 3. Open-loop spatiotemporal state profile (left) and norm of the state (right) for (a) v 5 0.4, (b) v 5 0.23, and
(c) v 5 0.15.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Supervisory Control

During system evolution, the ROM may need to be updated to
remain accurate. The OLF, the CLF and finally the controller in
(41) are redesigned based on the updated ROM using APOD
when new snapshots arrive during the process evolution. Conse-
quently, we need the stability tools of hybrid systems theory to
prove that the closed-loop system remains stable during the peri-
odic updates of the ROM. For this analysis, multiple Lyapunov
functions (CLFs and OLFs) of the form (30) are considered. Under
the assumption of finite time interval between ROM updates, the
multiple Lyapunov functions of (30) for each ROM guarantee the
Lyapunov stability of switching system (Theorem 3.2 in Ref. 32)
when the following additional constrain is satisfied.

Vc â tkð Þð Þ < Vc â tk21ð Þð Þ;Vo e tkð Þð Þ < Vo e tk21ð Þð Þ (42)

where k > 1, Vc a tkð Þð Þ and Vo e tkð Þð Þ correspond to the value
of Lyapunov function at the beginning of the interval k.

The Lyapunov functions may increase possibly during
dimensionality changes of the ROM even when the offset is
small. Thus, values of fc and fo need to be chosen appropri-
ately using a supervisory control loop. We can then ascertain
that for the chosen controller parameters the Lyapunov func-
tions during controller redesign satisfy the conditions of
switching systems stability theorem.32,33 In general, higher
values of fc lead to more aggressive control action. A possi-
ble strategy is to automatically adjust fc as follows

fc;tk 5
e

100

� � â tk21ð ÞTâ tk21ð Þ
â tkð ÞTâ tkð Þ

 !
(43)

in order to retain an aggressive controller throughout the pro-
cess operation. The strategy used in the current work is to
initialize fc at value fin and re-evaluate it only when Vc con-
straint in (42) is violated based on the formula of (43).19

The specific strategy leads to less aggressive behavior while
guaranteeing closed-loop stability of the system. A nonag-
gressive representation of (43) can be obtained as follows

fc;tk 5min fc;tk21
;

e
100

� � â tk21ð ÞTâ tk21ð Þ
â tkð ÞTâ tkð Þ

 !( )
(44)

The same strategy is also used for fo because dynamic OLF,
Vo5 fo

2
eTPoe, may also increase when the ROM dimensional-

ity changes. The value of fo needs be chosen appropriately to
satisfy the conditions of switching systems stability theorem in
Ref. 33 At the time, ti, when the periodic snapshot
measurements become available, the basis functions computed
using APOD locally capture the subspace Hs and as a result
we can directly compute the system state ~a and the observer
error, e5â2~a, at that instant from

x z; tið Þ5
Xm

k51

~ak tið Þwk zð Þ ) ~ak tið Þ5
ð

X
x z; tið Þwk zð Þdz; k51;…;m

where x z; tið Þ is the snapshot of the system at switching time
ti. Thus, similar to the updating formula for fc the following
equation is used for updating fo.

fo;tk 5
e

100

� � e tk21ð ÞTe tk21ð Þ
e tkð ÞTe tkð Þ

 !
(45)

For a less aggressive policy, similarly to fc;tk , that is, we may
initialize fo at value fin and re-evaluate it based on the formula

of (44) only when Vo constraint in (42) is violated. The nonag-
gressive representation of (45) can be obtained as follows

fo;tk 5min fo;tk21
;

e
100

� � e tk21ð ÞTe tk21ð Þ
e tkð ÞTe tkð Þ

 !( )
(46)

Theorem 1. Consider the nonlinear dissipative PDE sys-
tem in (1) with Hilbert representation of (11) and its finite
dimensional approximation of (13) with APOD obtained
basis functions. We assume that


 the state modes of (1) can be partitioned into a finite
number of slow and possibly unstable modes and an
infinite number of stable and fast modes and there is a
time scale separation between the dynamic behavior of
the two subsystems,


 nonlinear function, F, in (13) is locally Lipschitz,

 locally, Hs 	 P,

 the time interval between ROM updates, dt, is finite and

larger than a critical value, tb.

Figure 4. Open-loop temporal profile of norm of Sha-
non entropy using original APOD (blue lines)
and modified APOD (red lines) for (a) v 5 0.4,
(b) v 5 0.23, and (c) v 5 0.15 (note the scale
differences).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Under these assumptions, the system is locally asymptotically
stable under the dynamic observer design of (27) with
observer gain of (39) and the output feedback controller of
(41) using supervisory control strategies of (43) and (45) for
appropriately chosen control structure values, co, g, n, e,
and dt.
See Appendix C for proof.
Combining the model reduction procedure with the dynamic
observer and controller synthesis methods, we have obtained
an output feedback controller structure that guarantees that
the closed-loop system evolves to the desired steady state. In
Figure 2, the closed-loop process is presented under the pro-
posed control structure in a block diagram form. The specific
controller structure recursively redesigns the observer/con-
troller components whenever the ROM is revised to retain
relevancy and enforce closed-loop stability.

Remark 6. Note that ~a tkð Þ is the initial condition for the
dynamic observer at the beginning of the time interval k
after updating procedure of fc and fo. This is possible
because we obtain process snapshots, and thus state values
of the dynamic observer are initiated to be the same as the
state of the system.

Remark 7. In principle, the relaxation time periods tb, in
(64) can become arbitrarily small with the appropriate
choice of slow subsystem dimensionality, s, due to the prop-
erties of dissipative systems. This directly translates into
appropriately choosing parameter, n, in APOD.

Application

Problem description

In this section, the ability of modified APOD in stabilizing
the KSE is illustrated and compared to the original data
ensembling approach in the absence and presence of uncer-
tainty. KSE can adequately describe incipient instabilities
arising in a variety of physico-chemical systems including
falling liquid films, unstable flame fronts, interfacial instabil-
ities between two viscous fluids.34 The dynamic behavior of
KSE with periodic boundary conditions has revealed the
existence of steady and periodic wave solutions, as well as
chaotic behavior.35 Feedback control of KSE has been well
studied in the literature.18,36,37

The integral form of the controlled KSE that is considered is

@x

@t
52v

@4x

@z4
2
@2x

@z2
2x

@x

@z
1
Xl

i51

biui tð Þ (47)

with periodic boundary conditions:

@jx

@zj
2p; tð Þ5 @jx

@zj
p; tð Þ; j50; :::; 3 (48)

and initial condition

x z; 0ð Þ5x0 zð Þ (49)

where x z; tð Þ is the system variable, u tð Þ 2 Rl is the vector of
control variables, t is the time, z is the spatial coordinate, b(z)

Figure 5. Closed-loop temporal profiles of (a) the state spatial profile (note the scale difference), (b) number of
dominant eigenfunctions, and (c) norm of the state when v changes from 0.4 to 0.23 at t 5 40.

The left figures present results when using original APOD and the right figures present results using modified APOD. [Color fig-

ure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

AIChE Journal December 2013 Vol. 59, No. 12 Published on behalf of the AIChE DOI 10.1002/aic 4603

wileyonlinelibrary.com


is a row vector describing the control actuators, and v is the
diffusion parameter. Also in the above form A zð Þ52v @4

@z4 2 @2

@z2

and F xð Þ52x @x
@z. The Lipschitz condition for the nonlinear

term in KSE, F xð Þ, is discussed in Appendix D.
Six control actuators were assumed to be available at loca-

tions L5 2p=2;2p=4;2p=6;p=5; p=4; p=2½ � and the corre-
sponding spatial distribution functions at these locations are
bi zð Þ5d z2Lið Þ for i51; :::; 6. The length of the spatial
domain is 2p and continuous point measurement sensors
placed uniformly across the domain of the process 2p;pð Þ
are used. The continuous sensors shape distribution function,
sm zð Þ, for all time t, at these respective positions is
sm;i zð Þ5d z2zið Þ for i51; :::; 5, where zi is the location of ith
sensor unless otherwise stated. Also the periodic measure-
ment sensor distribution function is assumed to be sr z; tð Þ51,
that is, the complete profiles of the state as snapshots are
available in specific time instants. Note that the specific
actuators affect all the modes of the system. The following
spatially nonuniform initial condition was considered
x053sin zð Þ2cos 2zð Þ2sin 5zð Þ12cos 5zð Þ. For both ensem-
bling approaches,31 snapshots of the process evolution we
used. During the initial stage of populating the ensembles
the snapshot interval was dt50:067s. After that we assume
the availability of snapshots of the process every dt52 units
of time during closed loop operation.

Comparison tools

In this section, we quantify the qualitative discussion in
“the most important snapshots approach” section and com-
pare the original and modified APOD.

Data sets often store redundant information. In other words,
new entries may not convey independent information from other
data in a set. In information theory and data mining commun-
ities, entropy is a measure of the information contained in a
dataset; it quantifies the relative richness of data in the set. By

extension there is a direct relationship between entropy and
information contained in two similar sets with equal number of
data.

A way to compare the efficiency of the original and modi-
fied APOD is through comparing their data ensembles. The
ensemble entropy can provide an estimate of complexity of
the spatial and temporal variations that illustrates which
ensemble contains more independent profiles in their set.

Shanon entropy can be defined as38

S zð Þ52
Xm

i51

pi zð Þln pi zð Þð Þ (50)

where m is the number of dominant eigenvalues and pi is
defined using the following equation

pi zð Þ5 lijwi zð ÞjXm

j51

ljjwj zð Þj
(51)

Note that the entropy is maximal and equal to 1 if the
ensemble energy captured by the dominant eigenfunctions is
distributed equally through all eigenfunctions and it is mini-
mal and equal to 0 if only a single mode is captured. Larger
entropy during system evolution indicates that the corre-
sponding ensemble contains more information; thus, the cor-
responding ensembling approach is more efficient in
retaining important information and can be used to construct
ROMs with a wider range of accuracy.

Additionally, to provide a complete picture when compar-
ing the performance of the two approaches, we define two
performance indices: INC, the integral of norm of the control
actions and INE, the integral of norm of the error between
the real system and the model. The smaller values of INC
and INE, the less control effort and more accurate model,
respectively.

Figure 6. Closed-loop temporal profiles of (a) control action and (b) norm of error between the real system and the
model when v changes from 0.4 to 0.23 at t 5 40.

The left figures present results when using original APOD and the right figures present results using modified APOD (note the

scale differences). [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Simulation results

Figure 3 presents the open-loop profile and the spatial
norm of the state of the KSE for v50:4, 0.23 and 0.15,
respectively. We observe that KSE exhibits complex behav-
ior for v < 1 and the profile x 5 0 is open-loop unstable.
Thus, the control objective is to stabilize the system of (47)–
(49) at the spatially uniform steady state xd z; tð Þ50. Figure 4
shows the temporal profile of norm of Shanon entropy when
using the two APOD approaches to construct the ensembles.
The blue and red lines present the norm of Shanon entropy
using original and modified APOD, respectively. In Figures
4a, c, the Shanon entropy based on original APOD decreases
during open-loop system evolution and converges to zero
when the system reaches steady state while the entropy
based on modified APOD increases or remains constant as
old information is retained. In Figure 4b, the Shanon entropy
based on both approaches increases due to oscillatory behav-
ior of the open-loop system that causes continuous system
excitation during process evolution. These results indicate
that the ensemble based on modified APOD retains more
information about the complex dynamics of KSE compared
to the original one. As we will see later, this will result in a
faster converging ROM to the true KSE dynamic behavior
once we excite the system.

Focusing on the closed-loop system, during the initial
time period t5 0; 2½ � of populating the ensembles, the process

evolved with u tð Þ50 (inactive controller). Application of
off-line APOD to this ensemble resulted in 3 eigenfunctions
for x which captured 99% of the energy embedded in the
ensemble. As the availability of snapshots of the process is
usually limited, we assume the availability of snapshots of
the process every dt52 units of time during closed loop
operation. The following design parameter values were used
to implement the control structure on the KSE: g50:001,
co50:8, fin 52, where fin indicates the initial value for fo

and fc.
Figure 5 presents the closed-loop process profile, number

of dominant eigenfunctions and the norm of the state,

respectively, for the original and the modified APOD when

the diffusivity parameter, v, changes will be from 0.4 to 0.23

at t 5 40 and the observer and controller know about the

parameter change; this is called “the case without any

uncertainty.” We observe that for both approaches the con-

trollers successfully stabilize the system of (47)–(49) at

x z; tð Þ50 while the state 2-norms converge smoothly to zero

without any peaking. In both cases, the success of the

designed controller in stabilizing the process at the desired

profile is due to the dominant eigenspace (hence the ROM

and the control law) being updated as the process traverses

through different regions of the state space during closed-

loop operation. The number of eigenfunctions required to

capture the initial trends was three. During the closed-loop

Figure 7. Closed-loop temporal profiles of (a) the state spatial profile, (b) number of dominant eigenfunctions, and
(c) norm of the state in the presence of uncertainty when v changes from 0.4 to 0.23 at t 5 40.

The left figures present results when using original APOD and the right figures present results using modified APOD (note the

scale differences). [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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process operation, when new trends appeared the dominant

eigenspace dimension was updated to accurately capture the

process behavior, appropriately changing the number of

empirical eigenfunctions. In general, the nonsmooth behavior

of state 2-norm at specific times is due to fast modes’ excita-

tion and dimensionality changes. We observe that even

though the change in v takes place at 40, it takes 10 sec for

the new trends to become appreciable and another 5 sec for

them to necessitate a ROM dimensionality change in order

to capture all the unstable eigenmodes.
Figures 6a, b show the control actions and error norms

between the real system and the ROMs, respectively. Using
both approaches, the control actions and the model errors con-
verge to zero and we do not observe any chattering when the
parameter of the system changes and the controller/observer
pairs is cognizant of this change. We observe a relatively
large control action at the beginning of closed-loop region. It
indicates that the controller tries to regulate the process using
initially large control action. The error 2-norm converges to
zero and there is a peaking at the beginning due to a peak in
control action. Note that the nonsmooth behavior of control
action and state 2-norm at specific times is also due to fast
modes excitations caused by ROM revisions.

When v changes from 0.4 to 0.23 without any uncertainty
the following indices show the improved performance of
modified approach to the original approach in APOD;
INCor593:02; INCmod 534:01; INEor 598:63; INEmod 562:01,
where “or” and “mod” indicate the original and the modified
ensembling approach in APOD. Based on the indices, we
conclude modified APOD derived more accurate ROMs and
constructed a“ better” controller in this case, that required
less control action to stabilize the system and responded bet-
ter to the perturbation.

In the presence of uncertainty, the effectiveness of the
modified approach becomes more apparent. Figure 7 shows

the closed-loop process profile, number of dominant eigen-
functions and the norm of the state, respectively, for the
original and the modified APOD when the diffusivity param-
eter, v, changes from 0.4 to 0.23 at t 5 40 and the controller
and the dynamic observer are not informed about the param-
eter change. We observe that the controllers still successfully
stabilize the system of (47)–(49) at x z; tð Þ50 while the 2-
norms converge smoothly to zero without any peaking. Fig-
ure 8 shows the control actions and the norms of error
between the real system and the ROMs. Using both
approaches, the control actions and the model errors con-
verge to zero and we do not observer any chattering before

Figure 8. Closed-loop temporal profiles of (a) control action and (b) norm of error between the real system and the
model in the presence of uncertainty when v changes from 0.4 to 0.23 at t 5 40.

The left figures present results when using original APOD and the right figures present results using modified APOD (note the

scale differences). [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 9. Closed-loop temporal profiles of Shanon
entropy norm using original APOD (blue line)
and modified APOD (red dashed line) in the
presence of uncertainty, when v changes
from 0.4 to 0.23 at t 5 40.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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the parameter of the system changes. The following indexes
indicate that the modified APOD has better performance
compared to the original approach; INCor 595:77; INCmod 5

32:66; INEor 590:73; INEmod 562:30
Note that the control action using modified APOD is

smoother than the control action using original APOD when

the system changes in the absence and presence of uncer-

tainty due to the faster ROM revisions in response to the

changed system dynamics. Having less discontinuities in

control action leads to less system excitation and reduces the

observer/controller computation load. Large peaking or dis-

continuities in control action causes fast modes excitation. In

Figure 10. Closed-loop temporal profiles of (a) the state spatial profile and (b) control actions in the presence of
uncertainty when v changes from 0.4 to 0.15 at t 5 25.

The left figures present results when using original APOD and the right figures present results using modified APOD. [Color fig-

ure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 11. Closed-loop temporal profiles of (a) the state spatial profile and (b) control action using one point mea-
surement sensor at 2 p

2.

The left figures present results when using original APOD and the right figures present results using modified APOD. [Color fig-

ure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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response the basis functions change and the observer and

controller need more revisions which increase the observer/

controller computation load.

Figure 9 shows the temporal profile of the norm of Shanon
entropy in the presence of uncertainty. It presents the informa-
tion content measurement of the ensembles. During the time
period before the change in the system parameter, the system
entropy using modified APOD is more than the system entropy
using original APOD that leads to construct more accurate
ROM due to retaining the complex trends in the ensemble.
When the system changes, the controller based on modified
APOD adapted to the change rejection without any sharp con-
trol action due to more accurate ROM. However, the controller
based on original APOD further excites the system with its
sharp action and causes complex trends to resurface, which in
turn increase the system entropy at time t 5 50.

Figure 10 presents the case when the diffusivity parame-
ter, v, changes from 0.4 to 0.15 at t 5 25 unbeknownst to the
control structure. The process dynamics then become very
fast making the time interval between snapshots too large for
standard APOD. The original APOD not only could not reg-
ulate the process but it further destabilized the system while
the refined approach could still stabilize the closed-loop pro-
cess at the desired steady state profile using reasonable con-
trol action. There is because the controllers based on
modified APOD successfully stabilized the process as the
ROM revisions were able to account for the changed dynam-
ics faster.

In the APOD-based control of DPS using static observers
that addressed in Refs. 17–19, the number of available point
measurements should be equal to or greater than the dimen-
sion of ROM. One of the important advantages of using
dynamic observers in this case is using less continuous point
measurement sensors. Obviously, we want to use the mini-
mum number of sensors to reduce costs even only one sen-
sor when able to. The dynamic observer based on original
APOD then becomes sensitive to the location and shape of
the measurement sensor requiring sensor placement strat-
egies. This limitation can be circumvented using modified
APOD to construct observers that in general are more robust
to the sensors locations and near unobservability, as it keeps

information from previously traversed regions. Figure 11
presents the case when v50:4 and only one point measure-
ment sensor is used at 2p

2
. The original APOD could not reg-

ulate the process due to the unobservability while the refined
approach still could stabilize the closed-loop process at the
desired steady state profile using reasonable control action.

Figure 12 presents the closed-loop temporal profiles of
norm of the state for different availability of snapshots time
periods, dt when using one point measurement sensor at 2 p

2
.

It shows the relation between system dynamics and sampling
time; when dt increases the fluctuations in 2-norm of the state
will increase due to the states unobservability. In the first four
cases when dt50:25, dt50:5, dt51, and dt52 the observer/
controller can stabilize the system but in the final case, dt54,
the state 2-norm remains bounded but it does not converge to
zero because the model uncertainty is larger than the thresh-
old set during the initial controller design step.

Another important advantage of modified APOD is its
robustness with respect to ensemble size to construct accu-
rate ROMs. When using modified APOD a lower number of
snapshots may be kept; this implies low dimensional covari-
ance matrices will be derived that significantly improves the
computational needs and memory requirements of the pro-
posed controller/observer. This is illustrated in Figure 13
which presents the temporal profiles of the state and control
action when v50:4; only 11 snapshots are retained during
the system evolution and only one sensor is used at 2p

2
,

greatly reducing the computational load.

Figure 13. Closed-loop temporal profiles of (a) the
state spatial profile and (b) control actions
using an ensemble of 11 snapshots in
modified APOD and a sensor at 2 p

2.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 12. Closed-loop temporal profiles of norm of
the state using one point measurement
sensor at 2 p

2 for different availability of
snapshots time periods, dt50:25 (blue),
dt50:5 (red), dt51 (green), dt52 (pink), dt54
(black), under modified APOD.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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Conclusions

In this article, the dynamic observer based control problem
of DPS with limited state measurements was addressed by
using a modified approach in APOD methodology. The sta-
bility of the closed-loop system was proven by Lyapunov
stability criteria for hybrid systems. The proposed approach
was successfully used to regulate the KSE at a spatially
invariant steady state profile in the absence and presence of
uncertainty when the open loop process exhibits highly non-
linear and chaotic behavior with fast transients.
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Appendix A: Proof of Proposition 1

Let Vo5 fo

2
eTe be the OLF for the dynamic observer system

of (27); it can be shown that e 5 0 is an equilibrium point for
(29), Vo 0ð Þ50 and Vo eð Þ > 0 2 Rm2 0f g where m is the
number of the modes between ROM revisions. By substituting
the observer gain that is computed from (39) in the system of
(27) and assuming that the nonlinear function of f satisfies the
Lipschitz condition, (32), it can be concluded that the OLF
time derivative, _Vo, is negative definite and it only equals to
zero at the equilibrium point. Thus based on Lyapunov’s sta-
bility theorem (Theorem 4.1 in Ref. 39), there is do such that
when jje 0ð Þjj < do the observer error dynamics in (29) are
locally asymptotically stable in the Lyapunov sense.

Appendix B: Proof of Proposition 2

Consider the system of (26) with candidate CLF defined as

Vc5
fc

2
~aT ~a (52)

It is obvious that Vc 0ð Þ50 and Vc ~að Þ > 0 2 Rs2 0f g
where s is the number of the modes of (26) between ROM
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revisions. By substituting Eqs. 26 and 41 in the time deriva-
tive of the CLF, we obtain

_V c5LFVc1LBVcu52co jjLBVcjjð Þ22

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
LFVcð Þ21 jj LBVcð Þjjð Þ4

q
(53)

Using appropriate values for the parameter co, it can be
clearly observed that the time derivative of the CLF will be
negative, _V c < 0. Thus, based on Lyapunov’s stability theo-
rem (Theorem 4.1 in Ref. 39), there is a dc such that for
jj~a 0ð Þjj < dc the closed-loop system in (26) is locally asymp-
totically stable in the Lyapunov sense. Based on the
designed fast stable observers and using the separation prin-
ciple, the closed-loop process of (26) with the controller/
observer pair will be asymptotically stable. Note that we use
the observer state values, â, for system states, ~a, in Eq. 41
based on the assumption of separation principle between
dynamic observer and controller design.

Appendix C: Proof of Theorem 1

Part I. Closed-loop stability between ROM revisions

Substituting the controller (41) based on the states of (13)
into the Hibert representation of the PDE system (11), we
obtain

_as5As as; af

� �
1Fs as; af

� �
2Bsk â; coð Þ LBVcð Þ

_af 5Af as; af

� �
1Ff as; af

� �
2Bf k â; coð Þ LBVcð Þ

(54)

where the initial conditions of the switching system in cur-
rent time interval are the final states of the system in the pre-
vious time interval, and state estimate â is obtained from the
dynamic observer of (27)

_̂a5Aâ1f âð Þ1Bu1L Câ2ymð Þ (55)

where

ym5Smas1Smaf (56)

Under the assumption of time scale separation of the PDE
dynamics, the system of (54) can be expressed in the follow-
ing singular perturbation form (sections 4.4 and 4.5 in Ref.
6) with dynamic observer of (55)

_as5As as; af

� �
1Fs as; af

� �
2Bsk â; coð Þ LBVcð Þ

es _af 5esAf as; af

� �
1esðFf as; af

� �
2Bf k â; coð Þ LBVcð ÞÞ

_̂a5Aâ1f âð Þ2Bk â; coð Þ LBVcð Þ1L Câ2Smas2Smaf

� � (57)

where es5jk1j=jks11j is a small number that indicates
the separation between the dominant and nondominant
eigenmodes. In (57), Af es

5esAf has negative eigenvalues of
O(1) (due to the definition of Af and es) and
Ff as; af

� �
2Bf k â; coð Þ LBVcð Þ does not contain terms of O 1

es

� �
locally for the specific controller design.2,6 By defining
s5t=es and setting es50, the fast subsystem dynamics of
(57) can be expressed in the following fast time scale form

@af

@s
5Af es

af (58)

The solution of the locally exponentially stable system of
(58) then is

af sð Þ5af 0ð ÞeAf es s (59)

Focusing on the norm of af, from (59) and Schwartz
inequality we obtain

jjaf sð Þjj25jjaf 0ð ÞeAf es sjj2 � jjaf 0ð Þjj2jjeAf es sjj2 (60)

The definition of Af es
and the eigenspectrum bound to the

fast subsystem imply that

jjaf 0ð Þjj2jjeAf es sjj2 � jjaf 0ð Þjj2 e esks11ð Þs (61)

where ks11 represents the dominant eigenvalue of Af which
is the least negative and of O 1

es

� �
. Using singular perturba-

tion arguments for infinite dimensional systems it is shown
that within a finite time the fast system dynamics will relax
to a ball of radius O esð Þ around zero. Using the spectral
bound of (60) and (61) for the dynamic behavior and that
es5jk1j=jks11j we can obtain

jjaf 0ð Þjj2e esks11ð Þs5jjaf 0ð Þjj2e2jk1js � O esð Þ (62)

it implies that

sb5
tb

es
� 2

1

jk1j
ln O

es

jjaf 0ð Þjj2

� �
 �
(63)

Thus,

tb �
1

jks11j
ln O

jjaf 0ð Þjj2
jk1j

jks11j
� �
 �

(64)

Considering the time needed for relaxation of (57), tb, and
the time interval between ROM revisions, dt5tk2tk21, we
choose dt such that dt > tb. For time, t � tb the closed-loop
PDE system in (57) approximately reduces to the finite-
dimensional slow system (Proposition 1 in Ref. 2),

_as5As as; 0ð Þ1Fs as; 0ð Þ2Bsk â; coð Þ LBVcð Þ
_̂a5Aâ1f âð Þ2Bk â; coð Þ LBVcð Þ1L Câ2Smasð Þ

(65)

Based on Propositions 1 and 2, we obtain that the observa-
tion error Lyapunov function (OLF), Vo, and the output feed-
back CLF, Vc, are negative individually. Thus, the combined
observer/controller structure can stabilize the states of (65)
based on the assumption of separation principle between
dynamic observer and controller design and considering (24)
and (25). The time derivative of the Lyapunov function of
the system, _V , is thus negative between ROM revisions

_V5 _Vo1 _V c < 0 (66)

Therefore, based on Lyapunov’s stability theorem (Theo-
rem 4.1 in Ref. 39), there is d such that when jja 0ð Þjj < d,
the closed-loop system of (65) is locally asymptotically sta-
ble in the Lyapunov sense between ROM revisions. Thus,
the nonlinear dissipative PDE system in (1) can be asymp-
totically stabilized by the dynamic observer design of (27)
with observer gain of (39) and the output feedback controller
in (41) between ROM revisions.

Part II. Closed-loop stability of the hybrid system

Considering ROM revisions, the closed-loop system
behavior can be described by switched systems theory and
the stability aspects of the closed-loop switched system need
to be guaranteed using hybrid systems stability theorems.
Based on the discussion in the “supervisory control” section
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the obtained multiple observer and controller Lyapunov
functions defined after each ROM revision need to satisfy
the hybrid systems stability criteria. The supervisory control
strategies in (43) and (45) directly enforce the Lyapunov sta-
bility of the switching systems criteria at the beginning of
each time period, in the controller and observer designs
(Theorem 3.2 in Ref. 32) and the CLF and OLF satisfy the
conditions of (42) in the time intervals between switching.
Thus, the closed-loop Lyapunov function satisfies the the
Lyapunov stability of the switching systems,32,33

V tkð Þ5Vc â tkð Þð Þ1Vo â tkð Þð Þ < Vc â tk21ð Þð Þ1Vo â tk21ð Þð Þ
) V tkð Þ < V tk21ð Þ

It can be concluded that the designed observer of (35) and
the output feedback controller in (41) pair using supervisory
control strategies (43) and (45) asymptotically stabilize the
switching close-loop system.

Appendix D: Lipschitz Condition for Nonlinear
Term in KSE

The nonlinear term in KSE has a quadratic form of
F xð Þ52x @x

@z. The important step in nonlinear analysis is

finding a procedure to compute the Lipschitz parameter.
We assumed that jjx z; tð Þjj2 � L1 tð Þ, that is, the system
state remained within a ball of radius L1 tð Þ around the
desired steady state and the spatial dynamics are
bounded, that is, jj @x

@z z; tð Þjj2 � L2 tð Þ and
jj @x2

@z z; tð Þ2 @x1

@z z; tð Þjj2 � M tð Þ jjx2 z; tð Þ2x1 z; tð Þjj2. From the
left-hand side of Lipschitz condition we obtain

jjx1

@x1

@z
2x2

@x2

@z
jj25jjx1

@x1

@z
2x2

@x1

@z
1x2

@x1

@z
2x2

@x2

@z
jj2

� jjx2

@x1

@z
2x2

@x2

@z
jj21jjx1

@x1

@z
2x2

@x1

@z
jj2

5jjx2jj2jj
@x1

@z
2
@x2

@z
jj21jj @x1

@z
jj2jjx12x2jj2

thus

jjx1

@x1

@z
2x2

@x2

@z
jj2 � L1 tð ÞM tð Þ1L2 tð Þð Þjjx12x2jj2

and the Lipschitz constant in the previous equation is
Kl tð Þ5L1 tð ÞM tð Þ1L2 tð Þ.
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